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Abstract. We initiate the study of noncommutative stable homotopy theory of semigroup 
C*-algebras with an eye towards Toeplitz algebras appearing from number theory. We 
prove a continuity property of noncommutive stable homotopy, which enables us to express 
the noncommutative stable homotopy groups of a commutative separable C*-algebra in 
terms of the stable cohomotopy groups of certain finite complexes. We also compute the 
noncommutative stable homotopy groups of hnite group C*-algebras in terms of stable 
cohomotopy of spheres. With some foresight we construct a stable infinity category of 
noncommutative spectra and analyse some of its features. We construct a canonical exact 
functor from the triangulated noncommutative stable homotopy category constructed by 
Thorn to the homotopy category of the stable infinity category of noncommutative spectra. 

Introduction 

The interaction between noncommutative geometry and arithmetic has enriched both sub- 
jects considerably and generated a lot of interest. In the last decade we have witnessed 
some operator theoretic techniques being successfully employed to address a few questions 
in number theory [35| [8j |9]. Starting from a ring (subject to some conditions) a new kind 
of C*-algebra called a ring C* -algebra was introduced by Cuntz in [ID] (see also [HI 130]). 
Such C*-algebras have a close relationship with the underlying C*-algebras of Bost-Connes 
systems [I], which are quite important from the number theoretic viewpoint. Apart from 
having an intriguing internal structure, the K-theory of a ring C*-algebra turns out to be 
quite tractable and intricately related to some number theoretic properties of the ring that 
one started with [TBI I5T] . Cuntz-Deninger-Laca introduced a functorial variant of ring C*- 
algebras called Toeplitz algebras in [TT], which can also be studied in the purview of semigroup 
C* -algebras [291 138J. The most natural invariant of semigroup C*-algebras is (bivariant) K- 
theory, which has been thoroughly investigated in [T2|[T3"]. However, there is a finer invariant 
called noncommutative stable homotopy that has received much less attention in the liter- 
ature. In this article we initiate the study of noncommutative stable homotopy theory of 
semigroup C*-algebras focusing on the aforementioned Toeplitz algebras. 

The most widely studied bivariant homology theory on the category of separable C*- 
algebras is Kasparov's KK-theory or bivariant K-theory [221 121]. It is well-known that 
KK-theory satisfies excision with respect to short exact sequences of separable C*-algebras, 
admitting a completely positive contractive splitting. A variant of KK-theory on the cat- 
egory of separable C*-algebras satisfying excision with respect to all short exact sequences 
was developed in [20] by using categories of fractions. The same theory attained a different 
description via asymptotic homomorphisms through the work of Connes-Higson [TJ, which 
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eventually came to be known as bivariant E-theory. In the definition of bivariant E-theory 
one applies a stabilization by the compact operators in order to enforce C*-stability. It was 
shown independently by Connes-Higson and Dadarlat [17] that one obtains an aperiodic bi- 
variant homology theory on the category of separable C*-algebras after infinite suspension if 
the stabilization by compact operators is left out. Furthermore, the associated univariant ho- 
mology (resp. cohomology) theory recovers the stable cohomotopy (resp. homotopy) theory 
on commutative unital C*-algebras, whose spectrum is a finite CW complex. Therefore, this 
bivariant theory is called the noncommutative stable homotopy theory. Houghton-Larsen- 
Thomsen showed in [21] that this theory also admits a description via extensions of C*- 
algebras, which is useful for analysing its formal properties. Finally it was shown by Thorn 
[13] that the category of separable C*-algebras equipped with the bivariant stable homotopy 
groups admits a natural triangulated category structure and called it the noncommutative 
stable homotopy category. It contains the Spanier-Whitehead category of finite spectra as a 
full subcategory. Strictly speaking, the Spanier-Whitehead category sits contravariantly in- 
side the noncommutative stable homotopy category; however, in view of Spanier-Whitehead 
duality we may ignore this issue. The bivariant E-theory category appears as a localization 
of the triangulated noncommutative stable homotopy category. Therefore, noncommuta- 
tive stable homotopy is a sharper invariant than bivariant K-theory for nuclear separable 
C*-algebras. The article is organized as follows: 

In section [1] we briefly recall the construction of the triangulated noncommutative sta- 
ble homotopy category following [33]. We also construct its p-localization as a monodical 
triangulated category and analyze some of its features. In the next section [2] we recall the 
construction of semigroup C*-algebras and Toeplitz algebras from number theory following 
[2l?l [TTj . For the ring of integers R of an algebraic number field it turns out that the Toeplitz 
algebra of R, denoted by %(R), is precisely the semigroup C*-algebra of the ax + b semigroup 
of R. Furthermore, the Toeplitz algebra can be expressed as a semigroup crossed product 
of a canonical commutative C*-subalgebra D(R) C %{R). In section [3J we prove a general 
continuity result in noncommutative stable homotopy, which can be used to express the 
noncommutative stable homotopy type of the canonical commutative C*-subalgebra D(R) 
in term of stable cohomotopy of certain finite complexes. As a consequence we deduce a 
qualitative result about the noncommutative stable homotopy of the canonical commutative 
C*-subalgebra, viz., they are countable abelian groups. Let us mention that in order to carry 
out the K-theory computations for Toeplitz algebras and semigroup C*-algebras, one heavily 
relies on Morita-Rieffel invariance or C*-stability of K-theory. One effective strategy uses 
the semigroup C*-algebra description of the Toeplitz algebra and realizes it as a full corner 
of a group crossed product for which there are various well-known techniques to compute the 
K-theory. Unfortunately, this property is not enjoyed by noncommutative stable homotopy; 
in fact, imposting C*-stability simply reduces noncommutative stable homotopy to K-theory. 
We also show that a Green- Julg-Rosenberg type result cannot hold in noncommutative sta- 
ble homotopy theory. We directly compute the noncommutative stable homotopy groups of 
finite group C*-algebras in terms of stable cohomotopy of the zero sphere. There is a G- 
theory of pointed semigroups or pointed monoids [33], which bears some resemblance with 
the noncommutative stable homotopy of semigroup C*-algebras. In order to probe this angle 
further it is very useful to have at our disposal a genuine (stable Quillen model or stable 
infinity) category of spectra, whose homotopy category is the stable homotopy category. In 



2 



the language of [42J this problem can be stated as: Is the noncommutative stable homotopy 
category a topological triangulated category? 

We demonstrate in the sequel that the noncommutative stable homotopy category has 
some features of a topological triangulated category, which makes the above question very 
natural. The formalism of (stable) infinity cateogories offers a robust setup with an exten- 
sive selection of computational tools and results. In the last part of the article, namely 
section HJ we construct infinity versions of both unstable and stable noncommutative homo- 
topy categories. In doing so we freely use of the work of Lurie [331 E2] on (stable) infinity 
categories, which uses the quasicategory model (231 [22J [5J. The main result in this part of 
the paper is the construction of a canonical exact functor from the triangulated noncommu- 
tative stable homotopy category to the homotopy category of the stable infinity category of 
noncommutative spectra. We anticipate this functor to be fully faithful giving an affirmative 
answer to the question above. Besides, such a result would give us two different descriptions 
of noncommutative stable homotopy theory; one is a convenient setting for analyzing the 
formal/categorical properties, while the other for explicit computations. Here is a glossary 
of our constructions: 

(1) oo-SC* - infinity category of pointed compact Hausdorff noncommutative spaces, 

(2) Sp(oo-SC*) - stable infinity Spanier- Whitehead category of noncommutative spaces, 

(3) oo-NSH - stable infinity category of noncommutative spectra. 

It turns out that the noncommutative stable homotopy category is not merely obtained 
by the Spanier-Whitehead construction on the category of separable C*-algebras equipped 
with the suspension functor, i.e., the homotopy category of the stable infinity category 
Sp(oo-SC*) is not the noncommutative stable homotopy category. One needs to perform a 
further localization in order to obtain the noncommutative stable homotopy category; it is 
in this respect that Sp(oo-SC*) and oo-NSH mainly differ from each other (apart from the 
fact that the objects of Sp(oo-SC*) are noncommutative analogues of finite spectra, whereas 
those of oo-NSH are not necessarily finite). 

Notations and conventions: An infinity category always means an (oo, l)-category and 
we are going to write it as an oo-category following the literature. Unless otherwise stated, 
a C7*-algebra is always assumed to be separable and a semigroup is assumed to be countable. 

Acknowledgements. The author would like to thank J. Cuntz, D. Enders, B. Jacelon, 
M. Marcolli and K. Strung for helpful discussions. The author gratefully acknowledges 
the support and hospitality of MFO Oberwolfach and ESI Vienna under various stages of 
development of this project. Part of this research was carried out with the support from 
ERC through AdG 267079. 

1. Noncommutative stable homotopy 

In this section we recall some basic facts about the (noncommutative) stable homotopy 
category. Connes-Higson [6] and Dadarlat [17] independently showed that the (suspension 
stabilized) asymptotic homotopy classes of asymptotic homomorphisms between separable 
C*-algebras leads to a satisfactory notion of noncommutative (stable) homotopy theory. This 
construction was put in the context of triangulated categories by Thorn in [15] . 

In stable homotopy theory the Spanier-Whitehead category of finite spectra, denoted 
by SW^, is a fundamental object of study. It is constructed by formally inverting the 
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suspension functor in the category of finite pointed CW complexes. More precisely, its 
objects are pairs (X,n), where X is a finite pointed CW complex and n G Z. Let S 
denote the reduced suspension functor. The morphisms in this category are defined as 
SW / ((X,n), (X',n')) := colim r [S r+n X, S r+n ' X'], where the colimit is taken over the suspen- 
sion maps. The category SW^ is a triangulated category, where the distinguished triangles 
are those which are equivalent to the mapping cone triangles. 

One possible formulation of the Gel'fand-Naimark correspondence is that the category 
of pointed (resp. metrizable) compact Hausdorff spaces with pointed continuous maps is 
contravariantly equivalent to the category of all (resp. separable) commutative C*-algebras 
with *-homomorphisms (possibly nonunital) via the functor (X, x) t— > C(X, x). Here C(X, x) 
denotes the algebra of continuous complex valued functions on X vanishing at the basepoint 
x G X. Let NSW-f denote a category, whose objects are pairs (A,n), A G SC* and n G Z with 
morphisms defined as 

NSW / ((A,n), (B,m)) := colim r [S r+n A, E r+m B], 

where E denotes the suspension functor in the category of C*-algebras and [— , — ] denotes 
homotopy classes of *-homomorphisms. This is the most direct generalization of SW-^ to 
the noncommutative setting. It admits a canonical triangulated category category structure 
similar to the Spanier- Whitehead construction described above. There is an evident functor 
SC* — > NSW-^, which sends A G SC* to (A, 0) and any *-homomorphism to its suspension 
stable homotopy class. Any surjective *-homomorphism / : A — > B in SC* gives rise to a 
canonical *-homomorphism ker(/) — > C(/), where for any *-homomorphism (not necessarily 
surjective) C(/) := A © B B[0, 1) is the mapping cone of f. Localizing the triangulated 
category along this class of morphisms produces a new triangulated category, which is the 
noncommutative stable homotopy category &. There is an exact localization functor NSW-^ — > 
&, which gives rise to a canonical functor t : SC* — > &. 

The morphisms in the localized category (3 are in general described by some isomorphisms 
classes of roof diagrams, which are quite cumbersome. There is an alternative description, 
where every morphism can be represented (up to homotopy) by a *-homomorphism. It is 
known that 

e{(A,n),(B,m)) colim r [[£ r+ VL, E r+m B]\, 

where [[— , — ]] denotes the asymptotic homotopy classes of asymptotic homomorphisms. Re- 
call that UA := Q,([0, oo), A)/Co([0, oo), A) is called the asymptotic algebra of A. An asymp- 
totic homomorphism from A to B is simply a *-homomorphism A — > UB. Two asymptotic 
homomorphisms 0i,02 : A — \ UB are said to be asymptotically homotopic or simply ho- 
motopic if there is a *-homomorphism H : A — > U(B[0, 1]) such that W(evo) o H = (pi and 
W(evi) o H = 02- 

Remark 1.1. The asymptotic algebra of a separable C* -algebra is almost never separable. 
We never regard it as an object in &; it merely plays a role in the definition of asymptotic 
homomorphisms. If two asymptotic homomorphisms are homotopic as * -homomorphisms, 
then they are also asymptotically homotopic; the converse usually does not hold. 

In order to avoid notational clutter the objects of the form (A, 0) will henceforth be simply 
denoted by A. A diagram in & 

SC ->■ A^ B 
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is called a distinguished triangle if (up to suspension) it is equivalent to a mapping cone 
extension [16] 

EB' ->■ C(/) ^ A' A B'. 
We quote the following result from |43j . 

Theorem 1.2 (Thorn). Equipped with the distinguished triangles as described above and 
the maximal C*-tensor product <g>, & is a tensor triangulated category. It is called the 
noncommutative stable homotopy category. 

Remark 1.3. In ibid, the noncommutative stable homotopy category was denoted by S. 
Since there is a profusion of 'S' in this article, we denote it by & in order to avoid confusion. 

Performing localizations of this category one obtains interesting bivariant homology theories 
on the category of separble C*-algebras, which is a viewpoint that was advocated in ibid.. 

Example 1.4. We give only two examples below; some other interesting possibilities are 
easily conceivable. 

(1) By localizing all the corner embeddings A — > K®A one obtains the bivariant Connes- 
Higson E-theory [7J. It follows that &(A,B) = E (A,B) in the category of stable 
C* -algebras; in fact, the stability of B suffices. 

(2) By localizing all the corner embeddings A — > M 2 {A) one obtains a connective version 
of bivariant E-theory that was introduced in ibid, as bivariant hu-theory. 

Remark 1.5. It is well-known that the Spanier-Whitehead category of spectra (not neces- 
sarily finite ) is not the right abode for stable homotopy theory. However, there is a consensus 
that every model for stable homotopy category should contain the finite Spanier-Whitehead 
category as a full triangulated subcategory of its homotopy category. Since we are more or 
less dealing with the noncommutative version of finite Spanier-Whitehead category, the naive 
stabilization described above suffices. 

1.1. Localization at a prime p. Following the usual practice in algebraic topology it might 
be worthwhile to study the noncommutative stable homotopy category by localizing it at 
various primes. It is easy to construct the p- local version of &. For any prime number p one 
can define the p-local version of &, denoted by & p , by tensoring the Horn-groups <5(— , — ) 
with Z( p ). Here Z( p ) denotes the localization of Z at the prime ideal pZ. Let us set § = (C, 0) 
in &, which is also the unit object with respect to the tensor product <8>. Then there is an 
exact localization functor & — > & p between triangulated categories. Furthermore, & p 
admits the structure of a tensor triangulated category, such that if we denote by § p the 
image of § under the localization functor, then S p is a unit object in & p and the localization 
functor is monoidal (see, for instance, Theorem 3.6 of [1J). For the benefit of the reader we 
record it Lemma. 

Lemma 1.6. There is a monoidal exact p -localization functor & — > & p . 

Note that SW^ is equivalent to its opposite category due to Spanier-Whitehead duality and 
it sits inside & via the construction (X, x) i— >■ C(X, x). Therefore, various results concerning 
SW^ continue to hold inside &. For any object A e &, the ra-fold multiple of id^ G & (A, A) 
is denoted by n ■ A and the mapping cone of this morphism is denoted by A/n. 

Proposition 1.7. For an odd prime p, we have p ■ A/p = 0. 
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Proof. It is known that for an odd prime p, one has p ■ S p = in SW-^ (see Proposition 5 of 
|42j). In & there is an exact triangle 

£§ §/p -)• s p 4 s. 

Applying A®— to the above triangle one obtains the distinguished triangle 

514 ^ A/p ^ A p 4 A. 

Now p • A/p ~ p ■ (Sp®A) ~ (p • S p )®id A ~ 0. □ 

2. Semigroup C*-algebras 

Ring C*-algebras and semigroup C*-algebras have generated considerable interest and 
activity recently [TOj EQj [151 HH EH]- We recall some basic material from |29J. Let P be a left 
cancellative semigroup with identity element. We further assume that all our semigroups are 
countable so that the C*-algebras that we consider in the sequel become separable. On the 
Hilbert space i 2 P with the canonical orthonormal basis {e x \ x G P}, one defines for every 
p G P an isometry V p by setting V p e x = e px . The reduced C*-algebra generated by the left 
regular representation of the semigroup P is defined to be: 

C r *(P) := C*{V P \peP}C B(£ 2 P). 

In order to construct the full semigroup C*-algebra one tries to impose relations in the 
definition, which reflect the ideal structure of the semigroup. Recall that a right ideal X in 
a semigroup P is a subset X G P, such that xp G X for all x G X and p G P. The following 
family of right ideals is typically taken into account. 

Definition 2.1. Let J~(P) be the smallest family of right ideals of P such that 

• <&,PeJ(P), 

• J is closed under left multiplication and pre-images under left multiplication (X G 

j(P),peP^ P x,p- 1 x eJ(P)). 

The ideals in J{P) are called constructible right ideals of P. 

Remark 2.2. It follows from the definition that the family J is closed under finite inter- 
sections. 

We are also going to require all the semigroups under consideration to satisfy the following 
independence condition from [29] without mentioning it explicitly: if X G J{P) can be 
written as X = U™ =1 Xj with G J{P\ then it implies that X = Xi for some i G {1, • • • , n}. 

Definition 2.3. The full semigroup C* -algebra of a semigroup P , denoted by C*(P), is 
the universal C* -algebra generated by the isometries {v p \ p G P} and projections {ex \ X G 
J{P)} satisfying the following relations: 

1- V p q VpVq; 

II. e0 = ; e P = 1, ex 1 r\x 2 = e x 1 • &x 2 , 
III. v p e x v* = e pX - 

These relations are satisfied by the concrete isometries V p and projections Ex, where Ex 
is the orthogonal projection onto £ 2 (X) C £ 2 (P), whence there is a canonical left regular 
representation *-homomorphism X P : C*(P) — » C*(P) sending v p i->- V p and ex E X - 
Under some reasonable conditions (see [29, 28J), Xp becomes an isomorphism. 
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The full semigroup C*-algebra C*(P) contains a distinguished commutative C*-subalgebra 
D(P) := C*{e x \X G J} C C*(P). It is clear from the relations above that the C*- 
subalgebra D(P) generated by the projections is commutative. Moreover, one finds for all 
p G P conjugation by v p is a homomorphism of C*(P) that leaves D(P) invariant, i.e., there 
is a semigroup action r : P — > End(C*(P)) that restricts to an action on D(P). It turns out 
that there is a canonical description of C*(P) as a semigroup crossed product (see Lemma 
2.14. [22]) 

(1) C*(P)^P(P)<P, 

where the construction of the semigroup crossed product on the right hand side is due to 
Laca-Raeburn [27J 12S]. For any semigroup P the left regular representation Ap : C*(P) — > 
C*(P) restricts to an isomorphism 

D(P) D r (P) := C*{E X , \XeJ}c C r *(P), 

provided J(P) satisfies the independence condition. Since we have imposed the independence 
condition at the very beginning, we are not going to distinguish between D(P) an D r (P). 
Let us denote the spectrum of the C*-algebra D(P) by Spec(P(P)). The space Spec(P(P)) 
is described in [28] as the set of nonempty j7"(P)-valued filters. The topology is also explicitly 
described in ibid.. We look at an instructive example below. 

Example 2.4. Let R be the ring of integers in an algebraic number field K. We set R x = 
R \ {0}. The ax + b semigroup of R, denoted by Pr, is the semigroup R x P x with the 
binary operation (a, b)(c, d) — (a + be, bd) for all (a, b), (c, d) G R x P x . The semigroup Pr is 
countable left cancellative and satisfies the independence condition mentioned above. In [TTJ 
the authors studied the left regular representation of Pr, denoted by T(P), and called it the 
Toeplitz algebra of R. The full semigroup C* -algebra C*(Pr) is actually isomorphic to T(P) 
and the ring C* -algebra of R is a quotient of it. From Corollary 5.3 of ibid, one knows that 
the spectrum of the canonical commutative C* -subalgebra D(Pr) is homeomorphic to Q R and 
in Proposition 5.2 of ibid, it is shown that T(P) = C(fi^,) x Pr as C* -algebras. Here the 
compact Hausdorff space Q R is constructed as follows: Let R denote the profinite completion 
of R, which is a compact open subring of the ring of finite adeles of K , and let R* denote 
the units in it. Then Q R is the quotient of Rx R under the equivalence relation 

(r, a) ~ (s, b) <^=>- b G aR* and s — r G aR*. 

The equivalence class of (r, a) in fl R is denoted by oj r ^ a . The action of Pr on Q R is given by 
(m, k)u rta = u m+k r,ka for all (m, k) G Pr. 

3. Towards the homotopy type of semigroup C*- algebras 

Consider the functors ©((—), S n C) for all n G N on the category SC*. If we insert C(X, x), 
i.e., the C*-algebra of continuous functions on a finite pointed CW complex (X, x) into the 
variable, the functors output the stable homotopy groups 7r*(X, x) naturally. Similarly 
the functors <5(C, S n (— )) generalize the stable cohomotopy groups of finite pointed CW 
complexes. Let us fix some terminology and conventions before we proceed. For brevity, we 
are going to drop the adjective noncommutative in the sequel. 
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Definition 3.1. For any separable C* -algebra A, we define 7t n (A) := (5(C, TP A) (resp. 
7r n (A) := &(A, E n C) ) for n G N to be the n-th stable homotopy (resp. cohomotopy) group of 
A. Ifn^O one puts the suspension in the first coordinate. 

Remark 3.2. For a general pointed compact and H aus dor ff space (X,x), the stable cohomo- 
topy groups of (X,x) may not agree with ir n (C(X,x)). It was observed already in [T7] that 
these noncommutative stable (co)homotopy groups for general pointed spaces are related to 
noncommutative shape theory [HI 12] • 

3.1. First properties of stable homotopy. One of the first lessons in stable homotopy 
computations is that one cannot use C*-stability (or even matrix stability) arguments. In 
fact, enforcing matrix stability will reduce them to K-theory computations for a suitable 
class of C*- algebras. 

Lemma 3.3. For any nuclear separable C* -algebra A, there is a natural homomorphism 
ir*(A) — > K*(v4) induced by the corner embedding A — > A<g)K. 

Proof. Consider the natural homomorphism 71"* (A) — > 7r*(A(g>K) induced by the corner em- 
bedding. Since the stable homotopy groups coincide with E-theory groups on stable C*- 
algebras, one may identify tt*(A(B)K.) = E*(A(§)K). Since A is assumed to be nuclear separa- 
ble, one can naturally identify E*(yl®IK) = K*(A<E>K) = K*(A). Here the last identification 
is due to C*-stability of topological K-theory, which is natural. □ 

Remark 3.4. It is known that ring C* -algebras belong to the UCT class J3U]- It is obvious 
that bivariant stable homotopy for C* -algebras in the UCT class is a sharper invariant than 
KK- equivalence. However, since all ring C* -algebras are actually UCT Kirchberg algebras 
with vanishing class of unit in Ko [T4"| 30j ; they are classified by the knowledge of K-theory 
alone (see the proof of Corollary 1.3 of [31],). The explicit K-theoretic computations (see 
[T5| |3~T] ) put a restriction on the distinct possible homotopy types that such ring C* -algebras 
can produce. 

Theorem 3.5 (Continuity). Let B be a separable C* -algebra, such that H m B is semiprojec- 
tive in the category of separable commutative C*- algebras for allm G N. Let Abe a separable 
commutative countable inductive limit C* -algebra that is written as A = fim eN Ai- Then 
one has 

e(B,A) = \u^G(B,A n ). 

n 

In particular, one has an isomorphism of stable homotopy groups 7Tk{A) = lini^ 7Tk{A n ). 

Proof. There are canonical *-homomorphisms i n : A n — > lini^ A n , which assemble to give rise 
to a homomorphism 

i = Hm(i n )* : \v^e(B,A n ) 6(5, lim A n ) = &(B,A). 

n n n 

Any element of &(B, A) can be represented by the asymptotic homotopy class of an as- 
ymptotic homomorphism : T, m B — > W(X"M). Since Y, m B is assumed to be semiprojective 
for all m G N in the category of separable and commutative C*-algebras, we may consider 
the constant system of semiprojective C*-algebras {T, m B}. From the results in Section 3 
of [IS] (see Remark 13.61 below) one concludes that up to homotopy there is a unique strong 
shape morphism {/„} : {£ m £>} — > {T, m A g ^}, such that the inverse shape functor maps the 
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homotopy class of {f n } to that of 0. Here g : N — > N is an increasing function that is a 
part of the data of a strong shape morphism. Pictorially it may be depicted as a diagram of 
*-homomorphisms 



E m B »- £ m £? 

fn \ /n+1 

^ I 

Em a . v' m A 
A g(n) ^ ^(n+l)) 

where the dotted diagonal arrow denotes the implicit homotopy making the diagram com- 
mute. This diagram uniquely determines elements [f n ] G &(B,A g r n \), which assemble to 
give rise to an element lini^ &(B, Since the subsystem {&(B, A 9 ( ra ))} ng N is cofinal in 

{&(B, A n )} nm , we conclude lini^ &(B, A s(n )) = lirn^ 6(5, A n ). 

The assertion about the stable homotopy groups is obtained by putting B = C and suspend- 
ing appropriately. □ 

Remark 3.6. The results in Section 3 of [18J are formulated in terms of semiprojective C*- 
algebras in the category of all separable C* -algebras. A careful inspection of the argument 
reveals that they go through when restricted to separable and commutative C* -algebras. How- 
ever, the above proof does not generalize to all separable C* -algebras, since E m C fails to be 
semiprojective in the category of all separable C* -algebras for m > 1. 

Remark 3.7. The category of compact metrizable spaces is closed under countable inverse 
limits. Such a countable inverse system gives rise to an inductive limit C* -algebra satisfying 
the hypotheses of the above Theorem \3.5\ We are mainly interested in the case where B is a 
complex matrix algebra. 

The space Spec (.D(P)) may fail to have the homotopy type of a finite CW complex (they are 
usually totally disconnected spaces). Nevertherless, we conclude that the stable homotopy 
groups of D(P) are countable from the following Proposition. 

Proposition 3.8. The stable homotopy groups of a commutative unital separable C* -algebra 
are countable. 

Proof. Let A be a separable commutative unital C*-algebra. Its spectrum X is a compact 
metrizable space. Being a compact metrizable space, it admits a description as a countable 
inverse limit of finite complexes, i.e., X = lim X n with each X n a finite complex (see, for 
instance, Theorem 7 of [36]). This inverse limit gives rise to a direct limit of commuta- 
tive C*-algebras, whose stable homotopy groups can be computed using Theorem 13.51 i.e., 
7r*(A) = 7T*(C(X)) = lim^ 7r»(C(X n )). Note that 7r*(C(X n )) is computable in terms of sta- 
ble cohomotopy of the finite complex X n and the stable cohomotopy of a finite complex is 
degree wise countable. □ 

3.2. Finite group C*-algebras. For a finite group G (or, more generally, a compact group) 
and a G-C*-algebra A, the Green- Julg-Rosenberg Theorem establishes a natural isomorphism 
Kf(A) = K*(A xi G). In particular, setting A = C we find that the K-theory of the group 
C*-algebra C*(G) is isomorphic to the G-equivariant K-theory of a point. One might wonder 
whether the pattern persists in stable homotopy. Unfortunately, the answer turns out be 
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negative, which means that the computations of stable homotopy of finite group C*-algebras 
cannot be transferred to those of equivariant stable cohomotopy of spheres. 

Proposition 3.9. A Green-Julg-Rosenberg type result does not hold in stable homotopy. 

Proof. It is known that the G-equivariant 0-th stable (co)homotopy group of a point is 
isomorphic to the Burnside ring of G. The underlying abelian group of the Burnside ring is 
generated by the finite set {G/H \H C G subgroup}. Since stable homotopy is a generalized 
homology theory on the category of separable C*-algebras, it is finitely additive, i.e., one 

hasvr,(n:=i^) = nr=i^(Ao. 

Let G = Z/p, where p is an odd prime. Then C*(G) is a commutative finite dimensional 
C*-algebra, whence it decomposes as C*{G) = nf=i ^. Using the finite additivity of stable 
homotopy and the fact that tt (C) ^ 7r°(5°) ~ Z, we see that 7r (C*(G)) ~ IF. We immedi- 
ately see that the rank of itq(C*(G)) differs from the rank of the Burnside ring of G, which 
is 2 since G = Z/p is a simple group. □ 

In general, one can reduce the problem to the computation of the stable homotopy groups 
of matrix algebras using Maschke and Artin-Wedderburn Theorems. 

Lemma 3.10. Let G be a finite group, so that C*(G) = ©f =1 M ni (C). Then one has an 
isomorphism n m (C*(G)) = ©f =1 7r m (M ni (C)) as abelian groups. 

Proof. This follows immediately from the finite additivity of stable homotopy. □ 

Now we need to understand the stable homotopy of matrix algebras. To this end we first 
observe that if SC*(C(X, x), M n (C)) is an ANR then the canonical map 

c:[C(X,x),C(Y,y)®M n (C)\ -> [[C(X, x), C(Y, y) <g> M n {C)\\ 

is an isomorphism (see Proposition 16 of [H]). Here [— , — ] denotes homotopy classes of 
*-homomorphisms and [[—,—]] denotes asymptotic homotopy classes of asymptotic homo- 
morphisms. 

Lemma 3.11. If Y is a locally compact Hausdorff space, which is an ANR, then so is 
SC*(C Q (F),M n (C)). 

Proof. Since Cq{Y) is a commutative C*-algebra, its image must be lie within a maximal com- 
mutative C*-subalgebra of M n (C). In other words, each *-homomorphism factors uniquely 
as C*(Y,y) —> M^(C) M n (C), where M°(C) ~ FKLi C (since every maximal commu- 
tative C*-subalgebra is unitarily equivalent to the diagonal subalgebra). It follows, that 
SC*(C (F),M n (C)) ~ SC*(C (r),nr=iC) ^ ELLi Y - Since we assumed Y to be an ANR 
and the finite product of ANRs is again an ANR, we obtain the desired result. □ 

Proposition 3.12. For any n e N, one has n k (M n (C)) = ®] =1 rc k (C). 

Proof. By definition, one has vr fc (M n (C)) = colim r [[S r C, S r+fc M n (C)]] for k ^ 0. Since 
S n C = C(S n , *) = C (R n ) and W 1 is an ANR for all n G N, by the previous Lemma EH] we 
know that 

[[S r C,S r+fe M n (C)]] ^ [S r C,S r+fc M„(C)]. 
As we argued before, one can show that 

[s r c,s r+fc M n (c)] = ©^ =1 [s r c,s r+fc q. 
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Now we compute 



7r fc (M n (C)) = colim r [[£ r C,£ r+fc M„(C)]] 
= colim r [£ r C,£ r+fc M n (C)] 
= colim r [S r C,S r+fe C® M„,(C)] 

colim r ®ti [S r C, £ r+fe C] 
^ ©™ =1 colim r [£ r C,£ r+fc C] 
= ®^ =1 7r fc (C). 

If k < 0, then one obtains the result by suspending the first variable and arguing as above. □ 

Remark 3.13. We see explicitly that C* -stability (even matrix stability) is not satisfied by 
stable homotopy. 

Finally combining Lemma 13.101 and Proposition 13.121 we conclude 

Theorem 3.14. Let G be a finite group, so that C*(G) = ffif =1 M ni . Then one has an 
isomorphism 7T*(C*(G)) = ©f =1 ( ©"=i vr*(C)^ as abelian groups. We have already argued 
that 7r*(C) is isomorphic to the stable cohomotopy of the zero sphere. 

Remark 3.15. For a finite field F the ax + b semigroup Pf is actually a finite group. The 
Toeplitz algebra %(F) is isomorphic to the group C* -algebra of the finite group Pf- Since 
Pf is finite, it is amenable and hence we do not have to distinguish between the reduced 
and the full group C* -algebra. The entire discussion in this subsection is applicable to such 
C* -algebras. 

4. Stable infinity category of noncommutative spectra 

Recall that a topological triangulated category is one which is equivalent to a full trian- 
gulated subcategory of the homotopy category of a stable model category (see [12] )• The 
Proposition II . 71 above is actually true in any topological triangulated category. The following 
natural question arises at this point: 

Question 4.1. Is & itself a topological triangulated category? 

This question is more than a mere curiosity. Several important constructions in homotopy 
theory rely on manoeuvres in the actual category of spectra, rather than its homotopy cate- 
gory, i.e., the stable homotopy category. We construct one such candidate in the sequel and 
show that (3 naturally maps to its homotopy category via an exact functor. Our construc- 
tions rely on the elegant framework of (stable) oo-categories developed by Lurie [33J E3- 

4.1. An oo-category of pointed compact Hausdorff noncommutative spaces. The 

category of C*-algebras is canonically enriched over that of pointed topological spaces. In 
order to remember the higher homotopy information it is important to keep track of the 
topology on the mapping sets. For any pair of C*-algebras A,B, we equip the set of *- 
homomorphisms, denoted by Hom(A, B), with the topology of pointwise norm convergence. 
In the category of separable C*-algebras Hom(y4, B) = SC*(A, B) is a metrizable topological 
space. Indeed, fix a sequence {a n } ne N in A, such that lima n = and the C-linear span of 
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{a n } is dense in A. Then the metric d(f\, fo) = sup{||/i(a n ) — /2(a n )||.B \ n G N} defines the 
desired topology on SC*(A, B). In fact, the category of separable C*-algebras SC* is enriched 
over the category of pointed metrizable topological spaces (see Proposition 23 of [37]). We 
are going to refer to SC* as a topological category, when we endow it with the aforementioned 
enrichment but we do not introduce a new notation for it. 

Definition 4.2. By taking the topological nerve of the topological category SC* (as in 1.1.5 

of [33],) we obtain an oo-category, which is denoted by oo-SC*. 

Remark 4.3. The topological nerve of the topological category of CW complexes with map- 
ping spaces carrying the compact- open topology is called the oo-category of spaces and denoted 
by S. The oo-category S plays a distinguished role since every oo-category C is canonically 
enriched over S, i.e., for any x,y G C the mapping space C(x,y) G S. In particular, oo-SC* 
is enriched over S. 

4.2. A stabilization of oo-SC*. The natural domain for studying stable phenomena in the 
setting of oo-categories is that of stable oo-categories [32]. Rather tersely, it can be described 
as an oo-category with a zero object 0, such that every morphism admits a fiber and a cofiber, 
and the fiber sequences coincide with the cofiber sequences. Recall that a fiber sequence (resp. 
a cofiber sequence) in a stable oo-category is a pullback (resp. a pushout) square 

X — Y 

9 

— ^z. 

An oo-functor between two stable oo-categories is called exact if it preserves all finite limits 
or, equivalently, if it preserves all finite colimits. Every pointed oo-category C admitting 
finite limits has a loop functor Qc '■ C — > C defined as a pullback 

Y ~ tt c X *■ 

0' -X, 

where 0, 0' are zero objects. The dual construction produces the suspension functor. The 
aim of stabilization is to invert the functor Qq- 

Remark 4.4. Given any C* -algebra one can construct its suspension staying within the 
category of C*- algebras. However, in order to construct its homotopy adjoint loop algebra 
one needs the full strength of pro C* -algebras [39J. This question was raised in [40J. 

Let C be a pointed oo-category with finite colimits and T> be an oo-category with finite 
limits. Then a functor F : C — > T> is called excisive if it send a pushout square in C to a 
pullback square in T> and it is called reduced if F(*) is a final object in T>, where * G C is a 
zero object. Let Exc^(C,V) denote the full oo-subcategory of oo-functor category Fun(C,D) 
spanned by the reduced excisive functors C — > V. The oo-category Exc*(C, V) is stable (see 
Proposition 1.4.2.16. of ibid.). Let Sf n denote the oo-category of finite pointed spaces. 
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Example 4.5. The stable oo-category Exc*(iS^ n , D) is usually denoted by Sp(£>) and its 
objects are called the spectrum objects of T>. Setting T> = S*, i.e., the oo-category of pointed 
spaces produces Lurie's model for the stable infinity category of spectra, which is simply 
denoted by Sp. Moreover, any stable oo-category is canonically enriched over Sp. 

We are going to stabilize oo-SC* using the procedure described above. To this end we check 

Proposition 4.6. The oo-category oo-SC* possesses finite limits. 

Proof. Since oo-SC* is constructed by taking the topological nerve of SC*, it suffices to show 
that the topological category SC* admits finite homotopy limits (see Remark 1.2.13.6. of 
[33]). It is known that every small limit exists in the category all (possibly nonseparable) 
C*-algebras (see Proposition 19 of [3?]). It is proved by showing the existence of all small 
products and the equalizer of any pair of parallel morphisms. Given any set of C*-algebras 
{Ai} i€ i, one can easily construct a product C*-algebra Yliei ^ consisting of norm-bounded 
sequences of elements with the sup norm; the equalizer of a pair of parallel morphisms 
/i, f 2 : A=^B is given by 

ker(/i -f 2 ) = {aeA\ h(a) = f 2 (a)} C A. 

From this explicit description of the (ordinary) product it is clear that the category of 
separable C*-algebras admits all countable (ordinary) products. Equalizers evidently exist 
in SC*, whence it admits all (ordinary) countable limits. Now finite homotopy limits can 
be constructed using standard techniques (see Chapter 11 of [5]). In fact, by dualizing 
Corollary 4.4.2.4. of [33] it suffices to check that SC* admits pullbacks and possesses a final 
object (which it evidently does). □ 

Lemma 4.7. In the oo-category oo-SC* one has f^oo-sc*^ = HA. 

Proof. For any C*-algebra A, the pullback n oo _ sc *y4 of — > A 0' in the topological category 
SC* is characterized by a weak equivalence 

SC*(A fioc-sc*^) ^ holim [SC*(D, 0) ->■ SC*(£>, A) <- SC*(L>, 0')] 

for every D G SC*. Here the weak equivalence is in the category of pointed topological spaces 
over which SC* is enriched. The suspension-cone short exact sequence of C*-algebras 

-»■ = C ((0, 1), A) -)■ C ([0, l),A)->A->0 

can also be viewed as a pullback diagram in SC* 



— *c ([o,iM) 

*~A, 

where the right vertical arrow is a cofibration in the sense of [UJ. Now observe that the cone 
Co([0, 1), A) is homotopy equivalent to in SC*, exhibiting as a homotopy pullback in 
the topological category SC*. Indeed, for every D G SC* one has 

holim [SC*(A 0) ->■ SC*(A A) <- SC*(D, C ([0, 1), A))] 

is flSC*(D,A) in pointed topological spaces. Finally, from Proposition 24 of [37] we deduce 
that nsC*(D,A) ~ SC*(D,SA). ' ' □ 
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It follows that the above stabilization scheme is applicable to oo-SC*. The stable oo- 
category Sp(oo-SC*) that we obtain in this process is an oo-categorical analogue of the non- 
commutative Spanier- Whitehead category NSW-^. Following standard practice we are going to 
denote the homotopy category of Sp(oo-SC*) by hSp(oo-SC*). It is known that the homotopy 
category of any stable oo-category is triangulated (see Theorem 1.1.2.14 of [32])- The dis- 
tinguished triangles are induced by the fiber sequences described above. This phenomenon 
is one of the delightful features of stable oo-categories - the simple and intuitive definition of 
stable oo-categories (expressed as a property) produces quite elegantly triangulated category 
structures on their homotopy categories. As a consequence we conclude the following: 

Proposition 4.8. The stable oo-category Sp(oo-SC*) is canonically enriched over Sp and the 
homotopy category hSp(oo-SC*) is triangulated. 

4.3. A convenient enlargement of Sp(oo-SC*). Now consider the oo-category P(oo-SC*) 
of presheaves on oo-SC*, i.e., P(oo-SC*) is the 5-valued oo-functor category Fun((oo-SC*) op , S). 
The oo-category P(oo-SC*) has all small limits and colimits (see Corollary 5.1.2.4. of [23] )• 
There is a canonical fully faithful oo-Yoneda embedding j : oo-SC* — > ^(oo-SC*), which 
preserves all small limits that exist in oo-SC* (see Proposition 5.1.3.2. of ibid.). By the 
above discussion Sp(7 : '(oo-SC*)) is also a stable oo-category. Via the oo-Yoneda embedding 
j : oo-SC* — >■ T^oo-SC*) we are going to view Sp(oo-SC*) as a full stable oo-subcategory of 
Sp(7 , (oo-SC*)). This enlargement of the stable oo-category Sp(oo-SC*) is necessary to facili- 
tate certain natural constructions in the realm of homotopy theory, like localization, the use 
of Brown representability, etc.. 

Remark 4.9. Since the objects of oo-SC* are separable C* -algebras, it admits a small skele- 
ton. For the sake of definiteness one could select those C* -algebras that are concretely rep- 
resented as C* -subalgebras of B(£ 2 N). We may replace oo-SC* (resp. SC*j by this equivalent 
small skeleton in order to avoid potential set-theoretic difficulties in the sequel. 

The oo-category P(oo-SC*) is presentable, whence Sp(7 : '(oo-SC*)) is a presentable stable 
oo-category equipped with a canonical oo-functor : ^(oo-SC*) — > Sp('P( oo-SC*)) (see 
Proposition 1.4.4.4. of [32]). There is a composite oo-functor 7r := o j : oo-SC* — > 
Sp(7 , (oo-SC*)). For any surjective *-homomorphism / : B — > C in SC* there is a canonical 
map 9(f) : ker(/) -)• C(/) in oo-SC*, whence 7i(0(f)) is a morphism in Sp(P(oo-SC*)). We 
denote by 5* the strongly saturated collection of morphisms in Sp("P(oo-SC*)), generated by 
the small set {^{G{f))} (see Remark 14.91 above). From Section 5.5.4. of [33] we know that 
there is a localization oo-functor L : Sp(P( oo-SC*)) — > S' _1 Sp(P(oo-SC*)). The localized 
oo-category S' _1 Sp(7 :, (oo-SC*)) can be viewed as the full oo-subcategory of Sp("P(oo-SC*)) 
spanned by the S-local objects. Here an object X e Sp(P(oo-SC*)) is called S-local if and 
only if, for each morphism / : Y' — > Y in S, the composition with / induces a homotopy 
equivalence Sp(P(oo-SC*))(Y, X) Sp(P(oo-SC*))(Y', X). The localization oo-functor L 
turns out to be the left adjoint to the inclusion of the full oo-subcategory of .S-local objects 
inside Sp(P(oo-SC*)). By Lemma 1.1.3.3. of [32] the closure inside Sp(P(oo-SC*)) under 
cofibers and suspensions of the oo-subcategory S' _1 Sp(7 : '(oo-SC*)) is a stable oo-subcategory. 
Let us denote this stable oo-category by oo-NSH and its homotopy category by hNSH. The 
construction furnishes a canonical oo-functor II := L o 7r : oo-SC* — > oo-NSH, which induces 
a functor II : "H — > hNSH at the level of homotopy categories. Here "H denotes the homotopy 
category of separable C*-algebras. 
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4.4. The stable oo-category of noncommutative spectra. Motivated by Lurie's con- 
structions and Thorn's results we propose 

Definition 4.10. Let us define the stable oo-category oo-NSH to be the stable oo-category 
of noncommutative spectra and its homotopy category hNSH to be the homotopy category of 
noncommutative spectra. 

Remark 4.11. Since oo-NSH is stable, it is canonically enriched over Sp and the homotopy 
category of noncommutative spectra hNSH is once again automatically triangulated. 

Remark 4.12. The enlarged oo-category P(oo-SC*) may be regarded as the oo-category of 
noncommutative spaces (not necessarily compact). Therefore, the stable oo-category oo-NSH 
contains more objects than finite noncommutative spectra. Using Proposition 1.4-2.24- of 
[32] we conclude that oo-NSH is oo-equivalent to the homotopy inverse limit of the tower of 
oo- categories 

> oo-SC* oo-SC* oo-SC*. 

Hence we recover the familiar description of spectrum like objects. 

Let us recall from [13] that a covariant functor from the category of separable C*-algebras SC* 
(not viewed as a topological category) to a triangulated category T is called a triangulated 
homology theory if it is homotopy invariant and for every short exact sequence 

(2) B C 
in SC* there is an exact triangle in T 

(3) EH(C) ->• H(A) H{B) H{C). 

Furthermore, the exact triangle ([3]) should be natural with respect to morphisms of exact 
sequences. The canonical functor i : SC* — > & can be characterized as the universal 
triangulated homology theory (see Theorem 3.3.6 of ibid.). 

Theorem 4.13. Noncommutative stable homotopy & canonically maps into hNSH via an 
exact functor. 

Proof. First observe that the functor l : SC* — > & is homotopy invariant and hence it factors 
through the homotopy category of separable C*-algebras "H, i.e., i : SC* — > H — > &. Since 
II : "H — > hNSH is a suspension stable homotopy functor (see Remark H~T|) . by the universal 
property of the Spanier-Whitehead construction it factors through NSW-^, i.e., there is a 
commutative diagram 



NSW / 



n 




hNSH. 

For any surjective *-homomorphism / : B — > C in SC*, there is natural map ker(/) — > C(f) 
in NSW-f. Any exact functor NSW-^ — > T, where T is a triangulated category, that inverts the 
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natural map ker(/) — > C(/) for every surjective *-homomorphism / must factor through &. 
Since the functor 7r : % — > hNSH has this property by construction, so does the functor 
NSW / — > hNSH. It follows that there is a unique dotted exact functor making the diagram 
below commute up to equivalence: 




where the composite functor H — > NSW-^ — > & is l. □ 

Remark 4.14. The stable oo-categories Sp(oo-SC*) and oo-NSH provide an attractive setting 
for studying stable homotopy theory and other bivariant homology theories in noncommutative 
topology (after suitable localizations). In fact, the methodology is applicable to nonseparable 
C* -algebras as well (at the expense of added complexity) and will be investigated elsewhere. 
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